We develop a Clifford theory for Mackey algebras. For simple Mackey functors, using their classification we prove Mackey algebra versions of Clifford's theorem and the Clifford correspondence. Let μ R (G) be the Mackey algebra of a finite group G over a commutative unital ring R, and let 1 N be the unity of μ R (N ) where N is a normal subgroup of G. Observing that 1 N μ R (G)1 N is a crossed product of G/N over μ R (N ), a number of results concerning group graded algebras are extended to the context of Mackey algebras, including Fong's theorem, Green's indecomposibility theorem and some reduction and extension techniques for indecomposable Mackey functors.
Introduction
The notion of a Mackey functor, introduced by J.A. Green [11] and A. Dress [7] , plays an important role in representation theory of finite groups, and it unifies several notions like representation rings, G-algebras and cohomology. During the last two decades, the theory of Mackey functors has received much attention. In [27, 28] , J. Thévenaz and P. Webb constructed the simple Mackey functors explicitly. Also, they introduced the Mackey algebra μ R (G) for a finite group G over a commutative unital ring R. The left μ R (G)-modules are identical to the Mackey functors for G over R.
Let N be a normal subgroup of G. A classical topic in the representation theory of finite groups is Clifford theory initiated by A.H. Clifford [2] . It consists of the repeated applications of three basic operations on modules of group algebras, namely restriction to RN , induction from RN and extension from RN . Later, E.C. Dade [3] [4] [5] lifted much of the theory to a more general abstract system called now group graded algebras.
The goal of this paper is to develop a Clifford theory for Mackey functors. The paper can be roughly divided into three parts. The first part, the Sections 3 and 4, analyzes restriction and induction of simple Mackey functors, and the second part, the Sections 5 and 6, is concerned with the structure of Mackey algebras and Clifford type results for indecomposable Mackey functors, and the third part, the last section, deals with extension of G-invariant Mackey functors.
One of the main differences between the Mackey algebra μ R (G) and the group algebra RG is that in the former μ R (N ) is a nonunital subalgebra of μ R (G) and if we want to get a unitary μ R (N )-module after restricting a μ R (G)-module M to μ R (N ), we must define the restriction of M as 1 N M where 1 N denotes the unity of μ R (N ) . For this reason the restriction of a Mackey functor may be 0.
We attack the problem in two ways. Our first approach uses the classification of simple Mackey functors and Clifford theory for group algebras which leads to elementary proofs if simple Mackey functors are concerned. We show in Section 5 that 1 N μ R (G)1 N is a crossed product of G/N over μ R (N ) where N is a normal subgroup of G and 1 N is the unity of μ R (N ) , and this result allows us to attack the problem by using Clifford theory for group graded algebras. But this approach relates modules of μ R (N ) and 1 N μ R (G)1 N , and for this reason Section 5 contains some results relating modules of 1 N μ R 
(G)1 N and μ R (G).
A number of results pertaining to Clifford theory for group algebras are extended to the context of Mackey algebras. The results 3.10, 4.4, 5.2, 5.4, 6.1 and 6.3 are among the most important results obtained here. They include Mackey functor versions of Clifford's theorem, the Clifford correspondence, Fong's theorem and Green's indecomposibility theorem.
Character ring and Burnside ring functors are Mackey functors satisfying a special property which is not shared with some other Mackey functors, namely each coordinate module of them is a free abelian semigroup such that restriction of basis elements are nonzero. In [19] , motivated by these functors, a notion of a based Mackey functor for G is defined which is a Mackey functor M for G such that each coordinate module M(H ), H G, is a free abelian semigroup with a basis B(H ) satisfying some conditions. In [19] , Clifford's theorem and the Clifford correspondence for based Mackey functors are studied. It is shown that Clifford's theorem holds between G and its normal subgroup N for a based Mackey functor M for G and for a α ∈ B(G) if either r G N (α) = nβ for some β ∈ B(N) and natural number n or α appears in t G K (δ) for some subgroup K with N K < G and δ ∈ B(K). One may consider the Grothendieck rings M(H ) of Mackey functors for H , H G. Then M is a based Mackey functor for G. Given a simple Mackey functor M for G and a normal subgroup N of G our result 3.10 holds if M satisfies the above property given in [19] , however checking this property is not easier than proving the result itself. In particular, 3.10 and 4.4 show that the property given in [19] holds in M for a simple Mackey functor M for G and a normal subgroup N of G such that 1 N M is nonzero. Finally, it must be remarked that the results 6.1(i) and some parts of 6.2 follow from [19, 1.5 and 2.6] because N -projectivity implies the property.
Throughout the paper, G denotes a finite group, R denotes a commutative unital ring and K denotes a field. We write H G (respectively H < G) to indicate that H is a subgroup of G (respectively a proper subgroup of G), and we write H P G if it is a normal subgroup. Let H G K. The notation H = G K means that K is G-conjugate to H and H G K means that H is G-conjugate to a subgroup of K. By the notation gH ⊆ G we mean that g ranges over a complete set of representatives of left cosets of H in G, and by HgK ⊆ G we mean that g ranges over a complete set of representatives of double cosets of (H, K) in G. Also we putN G (H ) = N G (H )/H , g H = gHg −1 and H g = g −1 Hg for g ∈ G. Lastly for any natural numbers a and b, (a, b) denotes their greatest common divisor.
Preliminaries
In this section, we briefly summarize some crucial material on Mackey functors. For the proofs, see Thévenaz-Webb [27, 28] . Let χ be a family of subgroups of G, closed under subgroups and conjugation. Recall that a Mackey functor for χ over R is such that, for each H ∈ χ , there is an R-module M(H ); for each pair H, K ∈ χ with H K, there are R-module ho- 
When χ is the family of all subgroups of G, we say that M is a Mackey functor for G over R. Another possible definition of Mackey functors for G over R uses the Mackey algebra μ R (G) [1, 28] : μ Z (G) is the algebra generated by the elements r K H , t K H , and c g H , where H and K are subgroups of G such that H K, and g ∈ G, with the following relations:
A Mackey functor M for G, defined in the first sense, gives a left moduleM of the associative 
Let M be a Mackey functor for G. Then by [27] we have the following important subfunctors of M, namely Im t M χ and Ker r M χ defined by
For a nonzero Mackey functor
The following results will be of great use later.
Proposition 2.3. [27] Let S be a simple Mackey functor for G with a minimal subgroup H : (i) S is generated by S(H ), that is S = S(H ) .
( 
The following equivalent definition of induction is useful [25, 27] . Let H G and let M be a Mackey functor for H . Then for any K G the induced Mackey functor ↑ G H M for G is given by
where, if we write m g for the component in
, the maps are given as follows: 
As a last result in this section, we record the Mackey decomposition formula for Mackey functors, which can be found (for example) in [28] .
Theorem 2.6. Given H L K and a Mackey functor
M for K over R, we have ↓ L H ↑ L K M ∼ = HgK⊆L ↑ H H ∩ g K ↓ g K H ∩ g K | g K M.
Clifford's theorem
In this section using the classification of simple Mackey functors we prove that restriction of a simple functor to a normal subgroup is semisimple and simple summands of it are conjugate.
For the next two results we let M = S G H,V be a simple Mackey functor for G over K.
The following remark shows that any minimal subgroup of a nonzero
We draw some elementary properties of these subfunctors which will be useful in our subsequent investigations, in particular in the proof of 3.10. 
and each summand is distinct. 
is simple.
where the last equality follows by 2.4. The result now follows by (iii).
(v) It is clear because trace maps are additive. 2
Corollary 3.3. Let H L P G, and let a simple Mackey functor
where each S i is a simple Mackey functor for L. Then, by 3.1, each S i has a minimal subgroup G-conjugate to H , and so
If N is a normal subgroup of G, 3.3 implies that ↓ G N S is semisimple for any simple Mackey functor S for G whose minimal subgroup is contained in N .
The next two results will play a crucial role in the proofs of some of the later results.
Lemma 3.4. Let H L G be such that g H L for every g ∈ G, and let a simple Mackey
Proof. We writet,r,c for the maps onS:
(i) First note that, if the modulẽ
So the minimal subgroups forS are precisely the G-conjugates of H .
(ii) Let K G. We must show that
For an x ∈ G,
and by the assumption on
Simplicity of S L H,U implies that
Hence, any set appearing in the intersection
appears also in the intersection
Moreover, since k ∈N G (H ) acts on an element
H (U ) ofS(H ) transitively and that the stabilizer of the summand c 1
U is simple if and only if V is simple, and if this is the case then
Finally the last assertion follows by 2.5 and 3.4. 2
We have now accumulated all the information necessary to prove one of our main results, Clifford's theorem for Mackey functors. But we first state some consequences of 3.4 and 3.5. Proof. Since T is a subfunctor it must be stable under restriction and trace, implying that
for any K G and X ∈ χ with X K. Then the result follows easily. 2
is nonzero, and so
and by 2.3, H G K. Then by evaluating at H we getS(H ) = i∈J S i (H ) where J is the subset of I containing those i ∈ I for which S i (H ) = 0. And H is a minimal subgroup of S i for each i ∈ J , so S i (H ) is a simpleN G (H )-module for any i ∈ J . Therefore,S(H ) is semisimple, and so is ↑N
We let S i be the G-subfunctor ofS generated by V i . In particular S i (H ) = V i , H is a minimal subgroup of S i and Im t 
by 3.4, and this implies thatS = i S i because we know by 3.4 thatS is generated byS(H ). 
We now state Clifford's theorem for Mackey functors. We state it over a filed, but it is true over any commutative base ring. Of course, restriction of a simple Mackey functor may be 0. Indeed, . 
Theorem 3.10. Let N P G, and let S G H,V be a simple Mackey functor for
, by Clifford's theorem for group algebras [21] , there is a positive integer e, and a simple
For any x ∈ G, it is clear that 
, gL ⊆ G, form, without repetition, a complete set of nonisomorphic G-conjugates of S N H,W and L = NT . Now U is a simple KT -submodule of M(H ) = V . If we apply the modular law to the tower
The Clifford correspondence
Our aim in this section is to prove a Mackey functor version of the Clifford correspondence. Namely, if N is a normal subgroup of G and S is a simple Mackey functor for N whose inertia group is L then we show that there is a bijection between certain simple Mackey functors for L and for G.
The following result shows that given any simple Mackey functor S for N , N P G, we can find a simple Mackey functor M for G such that S is a direct summand of ↓ G N M. 
Proof. By the Mackey decomposition formula, 2.6. 2 
V as Mackey functors for X if and only if
10 implies that H and K are X-conjugate which gives the desired result.
(ii) It is an immediate consequence of 3.10. KN N (H )-module W inN G (H ) . The Clifford correspondence for group algebras implies that
(ii) By 4.3, the Clifford correspondence for group algebras, and again 4.3, respectively, the following composition of maps
is a bijection preserving ramification indexes where for the last isomorphism we use 3.5. 2
The inverse of the bijection in 4.4 will be described in the next section. Proof. It is an easy consequence of 2.6. 2
Corollary 4.5. Let N P G, and let S be a simple Mackey functor for N over K. If the inertia group of S in G is N then ↑ G N S is a simple Mackey functor for G.

Proof
Corollary 4.7. Let N P G, and a simple Mackey functor S N H,W for N over K be given, and let L be the inertia group of S N H,W in G. Then, for any X with L X G, the map Irr(μ K (X)|S N H,W ) → Irr(μ K (G)|S N H,W ), given by S → ↑ G X S, is a bijection preserving ramification indexes.
Proof. This follows easily from 4.4. 2
Group grading method
In this section, we first show that a certain subalgebra of μ R (G) is a group graded algebra over μ R (N ) where N is a normal subgroup of G. After obtaining a Mackey algebra version of Fong's theorem, we use Clifford theory results on group graded algebras to study restriction and induction of Mackey functors. We also study the subalgebras eμ R 
(G)e of μ R (G) for some special kinds of idempotents of μ R (G).
For a ring A and its subset B, we let C A (B) = {a ∈ A: ab = ba, for all b ∈ B}, and Z(A) = C A (A), and U(A) be the unit group of A. 
is a crossed product of G/N over μ R (N ).
We state the following elementary result whose proof is straightforward, see [3, 14, 17] . 
Let N be a normal subgroup of G. Then we note that γ g a = β g a for any a ∈ μ R (N ). If e is a block idempotent of μ R (N ) corresponding to a G-invariant simple μ R (N )-module S then
β g e = eβ g for all g ∈ G where, by G-invariant, we mean that the inertia group is G.
If A = g∈G A g is a strongly G-graded algebra and W is an A 1 -module, the conjugate of W is defined to be the is a central extensionG of G/N by a cyclic p -group Z and a linear 
Proof. (i) and (iii) They follow by 5.3.
(ii) Since N is a p -group, μ K (N ) is semisimple by [27] , implying the result. 
Now it is clear that
Moreover, the basis Theorem 2.1 shows that
Letting λ corresponds to e λ under this isomorphism, we see that λ is a central idempotent of t 1 1 μ K (G)t 1 1 , because e λ is a central idempotent of KG. As t 1 1 is the unity of
Mackey functors for G over R and left μ R (G)-modules are identical as described in Section 2. The same identification shows that Clifford theory for group graded algebras in [3, Section 18] applied to the crossed product
Proposition 5.7. Let N P G, and N be simple 1 N μ K (G)1 N -module, and let S be a sim-
is the inertia group of S there is a positive integer d such that
N ∼ = d gL⊆G g S. (ii) Let P be the sum of all μ K (N )-submodules of N isomorphic to S. Then P is a simple 1 N μ K (L)1 N -submodule of N such that 1 N μ K (G)1 N ⊗ (1 N μ K (L)1 N ) P ∼ = N as 1 N μ K (G)1 N -
modules, and
(iii) The map 
Proof. L is the inertia group of S as described in 3.10 if and only if L/N is the inertia group of S as described in 5.7.
We use the notations of 3. 
Proof. The first two parts are obvious consequences of 5.6, 5.7 and 5.8. The last part follows easily from the adjointness of restriction and induction functors, see [27] . 2
To use the results in the context of group graded algebras concerning indecomposable modules, we first need the following two lemmas to get a relationship between the indecomposable modules of 1 N μ R (G)1 N and μ R (G) , where N is a normal subgroup of G.
Proof. We writet,r,c for the maps ofM.
For any K G, 
where we use (eV ∩ I ) = e(eV ∩ I ) ⊆ eI = 0 to see that eV ∩ I = 0. Then, since W is indecomposable, eX = 0 or eY = 0, say eX = 0. Now X =X/I for some A-submoduleX of V containing I . Then eX = 0 implies that eX ⊆ I , and so eX = e 2X ⊆ eI = 0. ThusX is an A-submodule of V killed by e which meansX ⊆ I and X = 0.
Then by 5.11S is an indecomposable A-module. 2
For simple modules we have the following version of the previous result. SupposeS is simple. Since 1 NS is nonzero, 5.6 implies that 1 NS is simple. Conversely, suppose 1 NS is simple. As in the proof of 5.12 we haveS ∼ = A1 N ⊗ B 1 NS . SinceS has no nonzero A-submodule killed by 1 N and 1 NS is simple, it follows by 5.6 thatS is simple. 
Proof. We begin by recalling some basic results. Semisimple algebras and group algebras are symmetric, tensor product of two symmetric algebras is again symmetric. If A is symmetric and e ∈ A is idempotent then eAe is symmetric. Moreover, by [13] (N ) is semisimple, the basic results above imply that eμ K (G)e is symmetric.
(ii), (iii) and ( If M is H -projective then it follows that ↓ G H M = 0, and so 1 H M = 0. We show that Clifford's theorem holds for N -projective indecomposable Mackey functors. To prove the last part of the following result, we use the corresponding result in crossed products which was first obtained in [26, Theorem 2] . 
where L is the inertia group of S. 
, and the normality of N implies
Hence every conjugate of S 1 is isomorphic to some S i .
Finally, for a fixed i ∈ {1, . . . , n}, let (ii) Since restriction respects direct summands, by the Mackey decomposition formula, 2.6, 
Then considering this isomorphism as μ K (N )-modules we get
from which it follows that n i n i + n j , which is a contradiction. 
Extension of Mackey functors
In this final section we provide some results on extending Mackey functors. That is, given a G-invariant Mackey functor S for N where N is a normal subgroup of G we give some conditions on S and G to guarantee the existence of Mackey functor M for G satisfying ↓ G N M ∼ = S. The following result collects some consequences of extension theorems of [4, 5] . The next result is a consequence of the extension results concerning indecomposable modules for group graded algebras. 
